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ABSTRACT

The predictability of particle trajectories in oceanic flows is investigated in the context of a primitive equation,
idealized, double-gyre ocean model. This study is motivated not only by the fact that this is an important
conceptual problem but also by practical applications, such as searching for objects lost at sea, and ecological
problems, such as the spreading of pollutants or fish larvae. The original aspect of this study is the use of
Lagrangian drifter data to improve the accuracy of predicted trajectories. The prediction is performed by assim-
ilating velocity data from the surrounding drifters into a Gauss-Markov model for particle motion. The assim-
ilation is carried out using a simplified Kalman filter.

The performance of the prediction scheme is quantified as a function of a number of factors: 1) dynamically
different flow regimes, such as interior gyre, western boundary current, and midlatitude jet regions; 2) density
of drifter data used in assimilation; and 3) uncertainties in the knowledge of the mean flow field and the initial
conditions. The data density is quantified by the number of data per degrees of freedom N, defined as the
number of drifters within the typical Eulerian space scale from the prediction particle. The simulations indicate
that the actual World Ocean Circulation Experiment sampling (1 particle/[5° X 5°] or N; < 1) does not improve
particle prediction, but predictions improve significantly when N > 1. For instance, a coverage of 1 particle/
[1° X 1°] or N; ~ O(2) is aready able to reduce the errors of about one-third or one-half. If the sampling
resolution is increased to 1 particle/[0.5° X 0.5°] or 1 particle/[0.25° X 0.25°] or N; > 1, reasonably accurate
predictions (rms errors of less than 50 km) can be obtained for periods ranging from one week (western boundary
current and midlatitude jet regions) to three months (interior gyre region). Even when the mean flow field and
initial turbulent velocities are not known accurately, the information derived from the surrounding drifter data
is shown to compensate when N, > 1. Theoretical error estimates are derived that are based on the main statistical
parameters of the flow field. Theoretical formulas show good agreement with the numerical results, and hence,
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they may serve as useful a priori estimates of Lagrangian prediction error for practical applications.

1. Introduction

The Lagrangian description of a flow field is a useful
tool with which to explore oceanic circulation and trans-
port. Logistic difficulties have delayed the application
of Lagrangian methods to oceanographic field research
programs. Stommel (1949) used aerial photography of
floating paper sheets serving as Lagrangian drifters to
observe oceanic turbulence. Lagrangian instruments
such as drifting buoys were later designed to move with
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the currents so that their trajectories satisfactorily ap-
proximate the motion of fluid parcels. Satellite posi-
tioning revolutionized drifter technology, making pos-
sible cost-effective long-term global tracking. Lagrang-
ian data have become increasingly more common in the
last three decades, providing good coverage of extensive
regions in the ocean (Davis 19914).

Lagrangian observations can be analyzed in avariety
of ways. In his seminal work, Taylor (1921) demon-
strated that Lagrangian statistics can be used to estimate
the dispersion of particles in homogeneous turbulent
flow by relating the autocorrelation function of the La-
grangian velocity field to a diffusivity coefficient. This
relationship has been verified within observation error
for subsurface ocean flow using data from sound fixing
and ranging (SOFAR) floats (Rossby et al. 1983). This
relationship has been used extensively to provide amea-
sure of diffusivity properties from oceanographic drifter
data, with the purpose of studying the evolution of pas-
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sive tracer fields using the advection—diffusion equation
(e.g., Colin de Verdiere 1983; Davis 1985; Figueroaand
Olson 1989; Davis 1991b). This type of analysis has
been extended also to eddy-resolving numerical ocean
models (e.g., Boning and Cox 1988; Figueroaand Olson
1994). A conceptually equivalent approach is the use
of stochastic models to describe the motion of particles
(Griffa 1996). These models can be employed for ** di-
rect” applications, in which the dispersion of tracersis
studied considering the behavior of a large number of
tracer particles (e.g., Dutkiewicz et al. 1993). Alterna-
tively, such models can be used for *‘indirect” appli-
cations to extract information about turbulence param-
eters from Lagrangian data (e.g., Griffa et al. 1995).
Finally, Lagrangian data have also been assimilated into
numerical models to improve the accuracy of simulated
Eulerian flow fields (Carter 1989; Ishikawa et al. 1996).

In this paper, we focus on the use of Lagrangian data
for predicting oceanic particle motion. Theinvestigation
of particle motion and transport is an important area of
study, with a number of potential practical applications
at very different scales, including searching for persons
or valuable objects lost at sea, tracking floating mines,
studying ecological problems such as the spreading of
pollutants or fish larvae, and estimating mass transport
for climate studies. As has been pointed out by anumber
of authors (e.g., Aref 1984; Samelson 1996), transport
prediction is an intrinsically difficult problem because
L agrangian motion often exhibits chaotic behavior, even
in regular and simple Eulerian flows. In the ocean, the
combined effects of complex time dependence (Samel-
son 1992; Meyers 1994) and three-dimensional structure
(Yang and Liu 1997) are likely to induce chaotic trans-
port, especialy in the more complex and turbulent re-
gions such as the Gulf Stream Jet and extension. Chaos
implies strong dependence on initial conditions, which
are usually not known with great accuracy, so that the
task of predicting particle motion is often extremely
difficult. Some previous studies on particle motion in
oceanic flows have focused on the characterization of
trajectories using dynamical system tools, with special
interest on exchanges between different flow regimes
(e.g., Duan and Wiggins 1996; Samelson 1996).

The problem and approach considered here are con-
ceptually different. We consider tracking and prediction
of specified particles, given Lagrangian information of
the surrounding flow field. Lagrangian data are the nat-
ural choice for predicting particle dispersion because
they move with the flow. Therefore, from such data,
information can be assimilated advantageously into the
equations governing particle motion. This has been
shown in a specific example by the preliminary study
of Okamoto et al. (1994), in which the trajectories of
three drifters in the Pacific Ocean have been simulated
by assimilating position information from nearby drift-
ers.

In the following, we assume that two types of infor-
mation are available: 1) concurrent Lagrangian dataand
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2) some apriori knowledge of the large-scale mean flow,
obtained for example, from historical data. In this set-
ting, the knowledge of the mesoscale turbulent motion
relies completely on the Lagrangian data. This alows
us to isolate and to quantify the potential of Lagrangian
data in improving the predictability of particle trajec-
tories. The Lagrangian prediction experiments are de-
signed to test the use of a simple stochastic model, La-
grangian data, and a simple Kalman filter for practical
applications.

A comprehensive study of the methodology and its
effectiveness is presented. The investigation is con-
ducted in the context of an idealized primitive equation
double-gyre ocean model. Numerical drifters are re-
leased in the flow field and are used to reconstruct the
trajectories of the specified unknown particles. We in-
vestigate in detail the accuracy of the predictions as a
function of a number of important factors: 1) the type
of dynamically different flow regimes—the gyre inte-
rior, western boundary current, and midlatitude jet re-
gions; 2) the density of drifter data used in the assim-
ilation; and 3) uncertaintiesin the initia conditions and
in the knowledge of the mean flow field. The results are
discussed in terms of practical applications and con-
ceptual implications for predictability properties.

The paper is organized as follows. The mathematical
background and the Lagrangian prediction model are
introduced in section 2. The methodology for the gen-
eration and assimilation of the Lagrangian data is dis-
cussed in section 3. The prediction results are presented
and discussed in section 4, and section 5 contains a
summary of this work and some remarks regarding fu-
ture studies.

2. The prediction problem
a. Definitions and assumptions

We consider an Eulerian velocity field, u(t, r), in two
dimensionsr = (X, y), representing the flow at the ocean
surface or along an isopycnal surface. Let

u(t, r) = U, r) + u'(t,r) (1)

be a decomposition of u(t, r) into a mean circulation
and afluctuating component; that is, U isadeterministic
field representing the large-scale, slowly varying com-
ponent of the velocity field and u’(t, r) is a random
(eddy) velocity field with zero mean (u’(t,r)) = 0 and
known covariance function

Bu(ty, ty; 1y, 1) = U/ (ty, r)u'(t,, ro)7). )

The angle brackets denote ensemble averaging over all
realizations of the velocity field, the superscript T stands
for transposition, and the vectors are considered column
vectors. Let r (t) denote the position of aparticlereleased
at the position r° and driven by (1). The temporal evo-
lution of r(t) is described by the equation
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dr o
P = u(t, r), r(0) = ro. ©)]
Similarly, the Lagrangian velocity is
o= I _
v(t) = v(t, r°) = i u(, r (),
and let
v(t) = Ut r () + v'(b), 4

where UJ[t, r(t)] is the Eulerian mean velocity at r(t),
and Vv'(t) is the Lagrangian eddy velocity. In the fol-
lowing, we assume that v’ (t) satisfiesthe following Lan-
gevin equation (Thomson 1987):

dv' + T/ dt = dw(t), (5)

where T is the relaxation time matrix and w(t) is a 2D
Brownian motion with covariance matrix o?. For sim-
plicity, it is assumed that

T, 0
T= ,
(6 1)

where T,, T, are the zona and meridional relaxation
times, respectively.

Equation (5) implies that the Lagrangian eddy ve-
locity is modeled as a linear Markov process charac-
terized by an exponential autocovariance function. This
type of model is supported by experimental and nu-
merical results in fully developed turbulent flows (e.g.,
Yeung and Pope 1989), and it appears appropriate also
for oceanic flows (Griffa 1996), especialy at the sea
surface, where exponential Lagrangian autocovariance
functions are observed commonly from surface drifter
data (e.g., Davis 1985; Swenson and Niiler 1996; Bauer
et al. 1998). Even in situations in which the autoco-
variance function has a more complex structure—for
example, in the presence of strong wave signatures—
Eqg. (5) can still be considered a first-order approxi-
mation valid for timescales of order T, which typically
are between 3 and 10 days for ocean surface flows.

There are M equations of type (5) for M particles that
can be discretized in time, yielding autoregressive equa-
tions of the first order (Box and Jenkins 1976):

vi(n) = av{(n — 1) + w;(n), =1, ..., M,

where a = exp{ —T*At}; At is the time step; n is the
number of time steps and will be used to denote time
nAt: for example, v (n) = v;(nAt); and w;(n) are white
noises discrete in time. These noise terms, generally
speaking, are correlated, and their mutual covariances
are determined by the mean flow, statistics of the Eu-
lerian velocity field, and initial positions. In general,
this relation is very complicated and cannot be ex-
pressed in an explicit form. However, Lagrangian sta-
tistics can be related to the corresponding Eulerian sta-
tistics for a given set of particle positions. To formulate
such a relation, let us introduce the conditional aver-
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aging operator E.{ }. Namely, E { £} is defined for any
random variable ¢ as the average (or expectation) of &
under the condition that all particle positions are known
at al timesO, 1, 2, ..., n. Then for each particle,

Edvi(m} = U(n, r;(n)), (6)

where v,(n) isthe Lagrangian velocity of theith particle
at time n, and for any pair,

E{vi (vj(n)} = BU(n, n;ri(n), ry(n). (7)

Rigorously speaking, Egs. (6) and (7) hold true only
under strong limitations, such as an independence of
positions and velocities, or homogeneity, stationarity,
and white-noise assumption for velocity. In the general
case Egs. (6) and (7) should be viewed as a plausible
hypothesisthat isin good agreement with one’sintuition
and experience.

b. Prediction problem statement

We assume that M = 1 particles start at the sasmetime
(n = 0) from different positionsr?, j = 1,..., M. At
each time n > 0, we observe the exact (or with a small
error) positions of the first p < M particles, called pre-
dictors. The general problem isto find a best prediction
of the positions of the last M — p unobserved particles
(predictands) at each time, provided that the mean ve-
locity field U(t, r) is known, as well as the Eulerian
covariances and Lagrangian relaxation times. In this pa-
per, we concentrate on the most simple situation of a
single predictand, p = M — 1.

The discretized equations used to describe the system
are

v/(n) = av/(n — 1) + w;(n),
i=1 ..., M, (8)
r;(n+ 1) =r;n) + (U, rn) + v/(n)At, (9)

and the objective is to find a best prediction, rg (n), of
the position r,, (n) of the unobservable particlej = M
at any prescribed timen =1, 2, 3, ..., givenitsinitial
position at time n = 0.

An accurate method to find the optimal prediction is
to use the extended Kaman filtering (EKF) (e.g., Ghil
and Malanotte-Rizzoli 1991; Bril 1995; Ide and Ghil
1998) applied to the nonlinear system [Egs. (8)—9)],
assuming that the state vector has dimension 4M con-
taining the positions of al M particles and their fluc-
tuating velocities. A simpler—though less accurate—
approach that allows a greater computational simplicity,
a clear physical interpretation, and a theoretical error
analysis is used here. It consists of finding the best
estimate v(n) for vy,(n), using EqQ. (8) and the obser-
vations, and then predicting the position r(n + 1) us-
ing v(n) in Eq. (9). Since Eg. (8) is linear, the best
prediction can be calculated using the classical Kalman
filter, using a reduced state vector with dimension 2M,
including only the fluctuating velocities. The observa-
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tions in this approach are the fluctuation velocities ob-
served by the p = M — 1 particles, computed as
vi(n) = (r;(n) — r;(n — D)At* — U(n,r;(n), j = 1,

., p- An implementation of the full EKF for the com-
plete system is planned for the future. Note that in the
case of constant mean velocity, the two approaches are
equivalent.

c. Kalman filter for Lagrangian fluctuation velocities
L et usintroduce the state and noise vectorsasfollows:

ov; O ow, O
’ 0...1 0...10
Vi=n, o W =g O
D’M—lD B’VM—lu
OV O OW,, O

Then, the dynamics of (8) can be written as
V'(n) = AV'(n — 1) + W(n), (20)
where A is the 2M X 2M diagonal matrix with 2 X 2

blocks of « along the diagonal. Denote the conditional
covariance matrix of the noise by Q(n); that is,

Q(n) = E{wi(nw;(n)T}. (11)

Notice that, as shown in the appendix (section a), Q(n)

is related in a very simple way to the Eulerian space
covariance (2):

Q) = (v — A)BH(ri(n), 1;(M))(Iw — A)T,

where |,,, is the 2M X 2M unit matrix.
Now we introduce the observation vector Y via

Y = HV' + &b,

(12)

(13)
where
H={(, 0)

is the 2p X 2M observation matrix, 0 is the 2p X 2
zero matrix, ¢ is the observation error level, and b isa
white-noise process with zero mean and unit covariance
matrix. Simply, Y consists of the velocities of the first
M particles disturbed by a small noise. Then, the pre-
diction with minimum mean square error is given by
(e.g., Miller 1989; Jazwinskii 1970)

Va(n + 1) = Vi(n) + K(Y(n) — HVf(n)),
where
Vi(n) = AVa(n — 1),
The forecast error matrix

Pt =EJ{(V'(n) — V'(M)(V'(n) — V'(n))"}
is computed by

Pf(n + 1) = AP2(n)A™ + Q(n),

and the analysis error covariance

P = E{(Va(n) — V'(N)(V3(n) — V'(n))")}

K = PTHT(HPTHT + &2,,).
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is given by
Pa(n) = (Iw — K(mH)P'(n).

Because of the very simple structure of the deter-
ministic part of the dynamics and the observation matrix
[see the appendix (section b)], the foregoing equations
can be simplified drastically to obtain the following op-
timal prediction for the Mth particle:

vg(n) = avg(n — 1)

+ Zp Kivi(n) — av/(n — 1)), (14)

where K; is the 2 X 2 matrix such that the weight
“vector”

=
Il

xR

oo og

is the solution to
QuK = Q.
The mean square error
S(n) = E, {(vis(n) — vi(m)(vii(n) — vy ()7}
can be computed via

S(n) = Qx(n) — Qu(M)Qua(N)*Q41(N)
+ aS(n — 1)a’. (16)

The matrices Q,,, Q.,, Q,;, and Q,, are specific blocks
of matrix Q defined in the appendix (section b) and Eq.
(20). In turn, Q is expressed explicitly in terms of the
Eulerian covariances and Lagrangian relaxation times
[Eg. (12)]. Thus, the prediction formulas are based on
guantities estimated well from observations and/or syn-
thetic data, such as numerical model output.

(15

d. Prediction algorithm

A prediction algorithm is implemented by making
some simplifying assumptions regarding the Eulerian
statistics. Thisis done for computational simplicity, and
as will be shown, these assumptions are justified by the
numerical results. More accurate algorithms using more
realistic statistics can be implemented for specific ap-
plications.

We assume that the velocity components are uncor-
related and that the Eulerian covariance can be param-
eterized using a Gaussian function for each component:

B(r) = exp{—%}

where the parameter R is the Eulerian correlation ve-
locity scale defined as R = \/—B(0)/B"(0).

The prediction is then carried out using the following
two-step algorithm:

(17)
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1) Calculate the turbulent Lagrangian velocity at time
n from

vg(n) = avg(n—1)

+§ Ki(vi(N) —av/(n—1)), (18)

QuK =Qq, (29
where
(Qll)ij = B(ri(n) — rj(n))a
(Qz)i = B(ra(n) — ri(n) (20)

is defined by Eq. (12) and B(r) is calculated from
Eq. (17).
2) Calculate the predictand position at timen + 1 from

ra(n + 1) = rg(n) + [U(n, ra(n)) + va(n)]At.
(21)

e. Error estimates

The error analysis for the prediction Egs. (18)—(21)
is presented in the appendix (section c). Here, we sum-
marize the results of most practical interest. In particular,
an estimate of the error for the predicted positions is
obtained under some assumptions and in some limiting
cases.

The fluctuating velocity field is assumed to be sta-
tistically homogeneous[i.e., Bt (r,,r,) = B4 (r, — r,)],
the velocity components are uncorrelated, and the mean
velocity field can be considered approximately constant
over a certain time interval. We then define o2 = B(0)
as the velocity variance and Ny as the average number
of predictorsin the circle O of radius R centered at the
predictand. Notice that N, can beinterpreted asthe num-
ber of data per degrees of freedom. It can be shown that
the position prediction error s, = (X, (t°) — x,,(t°))2)2
in the x direction, where t° is the observation time,
grows first linearly in time,

s, ~ Yo, iIftex T, (22
and then as the square root of time,
s, ~ yVIeT, ifte>T. (23)
The variable y has different values depending on Ng:
v2=o02 IifNg=0, (29)
v2=co? ifNg =1, (25)
and B(r) = exp{—r?/2R?}, where
7e—2 Vu
= + — ~ 0.1086,
26 3 erf(1) ~ 0.106
INNg 1 1
2~ g2 1- +
7l ) )
1
if — - 0. 26
if (26)

R
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These results show that the Lagrangian prediction errors
are proportional to single-particle dispersion with acon-
stant of proportionality that decreases with N;. These
error estimates can be considered general guidelines to
be checked in the following with the numerical simu-
lation results.

3. Generation and assimilation of the
Lagrangian data

In this section, the numerical ocean model that isused
to generate the Lagrangian drifter data is described and
the experimental setup for trajectory predictionsis dis-
cussed.

a. The numerical ocean model

The numerical model used in this study is the Miami
Isopycnic Coordinate Ocean Model (Bleck and Boudra
1986). It is a primitive equation, isopycnic vertical co-
ordinate model that can be viewed as a stack of shallow-
water models, each consisting of a momentum and a
continuity equation:

ou 1
— 4+ = 24+ ([ + X
p 2Vpu (¢+ f)k Xu

liky
= —V,,M + GE + vh*le-thu — &eu, 27)

oh

p + V,-(uh) =0,
where u is the Eulerian velocity field, { = v, — u, the
vorticity, f the Coriolis frequency, M = gz + pé the
Montgomery potential, § = p~* the specific volume, 7
the wind stress vector, h the thickness of a layer of
constant density, v the lateral viscosity coefficient, and
& the bottom drag coefficient that acts only on the bot-
tom layer. The subscript p indicates derivatives on sur-
faces of constant density. The layers communicate ver-
tically through pressureforces. Horizontal velocitiesand
vorticity are defined as mean layer properties. Pressure
and geopotential are defined at the interfaces between
layers. For more detail on the numerical model, the
reader isreferred to Bleck and Boudra (1986) and Bleck
and Chassignet (1994).

For the purposes of this study, the ocean model is set
up in an idealized configuration—the so-called box do-
main with aflat bottom and straight sidewalls. No-flow
and free-slip conditions are applied along all lateral
boundaries. The vertical density stratification is repre-
sented by three isopycnal layers. The parameters of the
ocean model are listed in Table 1. The model is purely
wind driven by a steady zonal wind stress of the form
™ = —T1,8in(my/L,), where L, isthe meridional extent
of the basin and y is the distance from the center of the
domain. Hence, the wind forcing drivesaclassic double-
gyre circulation representative of an anticylonic sub-

(28)
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Mean Circulation

Zonal basin size
Meridional basin size
Horizontal grid scale
Coriolis parameters
Layer thicknesses
Reduced gravities
Deformation radii
Wind stress amplitude
Lateral viscosity
Bottom friction

Time step

L, = 3000 km

L, = 3000 km

Ax = Ay = 20 km
fpb=93X10°s1B=2X10 "*mts?
hl =300 mh, = 700 m h, = 4000 m
g, =0016ms2g, =0014ms?
Ry = 39 km R, = 19 km

7= 0.INm?

v =100 m* st

e=10"s?

At = 1200 s

tropical gyre in the south and a cyclonic subpolar gyre
in the north, separated by a midlatitude jet. The model
equations are integrated for 15 years, starting from rest,
until the layer kinetic and available potential energy
levels reach a statistically steady state. Figure 1 shows
the Eulerian mean field for the upper-layer circulation,
averaged over 2 years (i.e., over years 15-17). Results
from wind-driven modelsin adouble-gyre configuration
with idealized geometry are discussed extensively inthe
literature (e.g., Holland 1978; Chassignet and Gent
1991).

Figure 2 exhibitstheinstantaneous fiel ds of the upper-
layer thickness for the 3-month period during which the
prediction experiments for the drifter trajectories are
conducted. This figure indicates clearly the turbulent
character of the model simulation. Not only does the
midlatitude jet meander, generate mesoscal e eddies, and
interact with them, but the interior gyre circulation also
shows high variability, implying that the drifter trajec-
tories will exhibit a complex behavior in the entire do-
main.

b. Drifter trajectories

Particle trajectories are calculated according to adis-
cretized version of Eq. (3), in which u is the velocity
field computed by the numerical model (27). Equation
(3) is integrated in time using a second-order Runge—
Kutta method, and a bilinear interpolation scheme is
employed for subgrid-scale positioning. The accuracy
of these numerical methods is verified using various
tests, and a time interval of 18 000 s is selected to ad-
vance Eqg. (3) in time.

The particles are released in the top layer of the sub-
tropical portion of the domain in a regular array, rep-
resenting the motion of near-surface ocean drifters. Ex-
amples of drifter trajectories, released with a density of
1 particle/[1° X 1°], approximately 3 months after re-
lease, are depicted in Fig. 3. Dynamically different re-
gions are apparent from this graph: 1) the western
boundary current region, in which particles traverse to
the north along the coast; 2) the midlatitude jet region,
in which the western boundary current separates from
the coast, meanders as a free jet, and induces high var-
iability and eddy activity; and 3) the interior region, in

Zay
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Fic. 1. The Eulerian mean field of the top layer thickness, h,, av-
eraged during years 15-17 (contour interval: 30 m).

which the trgjectories still exhibit a complex behavior,
even though velocities are much smaller than those in
the western boundary current and the meandering jet

region.

c. Assimilation of drifter velocity

The prediction of particle trajectories presented in the
following is implemented within quasi-homogeneous
regions, in which the Eulerian and Lagrangian statistics
can be described using simple functions characterized
by a few parameters: the Lagrangian time scale T, the
Eulerian space scale R, and the velocity variance 2.
The partition of the subtropical velocity field into seven
guasi-homogeneous regions is based on the eddy kinetic
energy distribution of the Eulerian velocity field (Fig.
4). Regions 1 and 2 capture the midlatitude jet meander
and ring region. Regions 4—6 specify the interior gyre
regions. Region 3 is a transition zone between the mid-
latitude jet and interior regions. Region 7 representsthe
western boundary current.

The calculations have been conducted for al seven
regions, and both the statistical and predictive behaviors
indicate significant similarities between some of the re-
gions. Regions 1 and 2 and regions 3—6 behave quali-
tatively similarly. For the purpose of a concise presen-
tation of results, region 1 is selected to discuss the char-
acteristics of the high-energy midlatitude jet area, and
region 4 is chosen to represent the low-energy interior
regions. In the rest of the paper, the discussion of the
results therefore will be confined to regions 1, 4, and
7, which represent the three distinct regimes of the ocean
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Fic. 2. The instantaneous fields of the upper-layer thickness (contour interval: 30 m) for the
3-month period during which the prediction experiments for the drifter trajectories are conducted.

The flow field is highly turbulent and variable.

model dynamics. Examples of Lagrangian statistics in
these three regions are shown in Fig. 5. The covariances
of the fluctuation velocity v’ are illustrated, where v’ is
computed using EqQ. (4). The mean flow field U corre-
sponds to the 2-yr time average shown in Fig. 1. The
covariances exhibit a quasi-exponential decay at short
timescales, in agreement with the simple first-order
model (8) used for v'. The only substantial departure
from temporal exponential decay is shown in the me-
ridional component of the western boundary region at
lags longer than approximately 6 days. This lack of
decay likely is due to strong advection in this region
that is not represented by the mean flow. The process
of forming climatological Eulerian averages weakens
the strength of strong currents (see Mariano 1990).
The assimilation of the Lagrangian data is performed
using Egs. (18)—(21), with the parameters T and R set
to the values shown in Table 2. These values are in the
range suggested by the Lagrangian and Eulerian statis-
ticsin the regions. Preliminary tests performed by vary-
ing these values by +20% have shown that the results
of the prediction algorithm are not sensitive to the spe-
cific value used in that range. In the practical imple-

mentation of the assimilation scheme, only particlesin-
side an influential data region (or a shadow zone) with
a radius greater than R around the prediction particle
are considered at each time step. The radius of the shad-
ow zone is 100 km in the western boundary current
region, and 200 km elsewhere. Predictions are carried
out for 100 days in the low-energy interior regions and
for about one week in the high-energy western boundary
current and midlatitude jet regions. These timescales
correspond to the approximate average periods that the
particles spend in these regions.

For each prediction experiment, a set of M particles
is launched homogeneously. One of the trajectories is
considered unknown (predictand), and the other p = M
— 1 trajectories are considered as known Lagrangian
data (predictors). For the purpose of clarification, the
true trgjectory of the predictand drifter is not used in
the assimilation; it is used only for evaluation purposes.
The root-mean-square error, s, is computed as the dis-
tance between the predicted and the true position of the
predictand, and ensemble averages are computed by
considering different realizations of the predictand par-

ticles (s(t) = V(&M — xu®)? + (RN — yu(0)?).
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TABLE 2. Parameters of the prediction model and velocity variances
in three dynamically different regions of the ocean model.
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TABLE 3. Data density vs N for different Eulerian space scales R
used in the prediction model.

Western  Mid- Ng with R = 70 km Ng with
Interior bound- latitude (interior, western R = 35 km
Region (Number) 4 ary (7) jet (1) Data density boundary) (midlatitude jet)
Eulerian space scale, R (km) 70 70 35 0 0 0
Lagrangian timescale, T (days) 10 10 3 1 particle/[5° X 5°] 0.06 0.015
Shadow zone, r (km) 200 100 200 1 particle/[2° X 2°] 0.39 0.1
Number of realizations 50 15 50 1 particle/[1° X 1°] 154 0.39
Prediction period (days) 100 7 7 1 particle/[0.5° X 0.57] 6.16 154
Velocity variance, o2 (cm s7?) 8 150 800 1 particle/[0.25° X 0.25°) 24.64 6.16

Typically, 50 realizations are considered in each region
except in the western boundary current, in which only
15 realizations are averaged because of its smaller area.

The performance of the prediction scheme is evalu-
ated as function of a number of factors. First, theimpact
of data density is considered. Six different values for
the density are chosen: zero, meaning that no Lagrang-
ian data are availablefor assimilation, and the prediction
is performed via advection by only the mean flow; 1
particle/[5° X 5°], which is a World Ocean Circulation
Experiment (WOCE) sampling goal (D. B. Olson 1998,
personal communication); and then increasingly higher
datadensities—1 particle/[2° X 2°], 1 particle/[1° X 1°],
1 particle/[0.5° X 0.5°], and finally 1 particle/[0.25° X
0.25°]. These densities correspond to a total number of
approximately 18, 100, 500, 2000, and 8000 buoy re-
leases, respectively, in the subtropical gyre. A more
physically relevant measure of data density is N, which
indicates the number of particles within adistance equal
to the Eulerian space scale R from the prediction par-
ticle—that is, the number of data per degrees of free-
dom. The data densities and the corresponding N as a
function of R are listed in Table 3 as reference for the
following discussion of results.

Second, the effects of reducing the knowledge of the
mean flow U and of theinitial conditionsare considered.
These are important considerations for practical appli-
cations since such values are usually known only ap-
proximately. Two extreme situations are considered for
the mean flow 1) The mean flow U is assumed to be
the 2-year average shown in Fig. 1; that is, an accurate
apriori knowledge of the large-scal e climatol ogical flow
is assumed 2) The mean flow U is assumed to be zero;
that is, no a priori knowledge of the large-scale flow is
assumed. The impact of initial conditions is studied in
a series of cases subject to gradually increasing levels
of uncertainty. Thefirst oneisthe**ideal’’ case, inwhich
choice 1 is used for U, and accurate initial turbulent
velocities and particle positions are employed. The sec-
ond one is the case in which choice 2 is used for the
mean flow, and no knowledge of the initial turbulent
velocity of the predictand is considered. In this case,
the initial velocity is evaluated directly from the sur-
rounding particles. Finally, acaseisconsidered inwhich
errors are introduced in the initial position of the pre-
dictand.

4. Results

The performance of the prediction scheme is evalu-
ated in the interior, western boundary, and meandering
jet regions, testing the impact of varying data density
and introducing errors in the knowledge of the mean
velocity field and initial conditions. Theoretical error
estimates are compared with the numerical results.

a. The interior region

Some examples demonstrating the effectiveness of
Lagrangian data assimilation in improving the predic-
tion of particle trgjectories are shown in Fig. 6. The
solid lines mark the true trajectories of selected particles
released in the interior of the subtropical gyre during
the 100 days following release. If only the mean flow
is used to try to capture the particle motion, the pre-
dictions are quite poor (lines with triangles). If, on the
other hand, the Lagrangian data assimilation scheme is
employed to estimate the turbulent velocity component,
the predicted trajectories improve considerably and
gradually approach the true trajectories with increasing
data density (lines with plus signs and circles).

Region 4, representative of interior regions, is char-
acterized by a Lagrangian timescale T = 10 days, an
Eulerian space scale R = 70 km, and avelocity variance
o2 = 8cm?s2(Table 2). Predictions are conducted for
100 days. Ensemble averages of prediction errors are
shown in Fig. 7. Here the root-mean-square prediction
errors are plotted as afunction of time for different data
densities and for different cases of uncertainty about the
mean flow and initial conditions. Figure 7a illustrates
the ideal case for which it is assumed that both mean
flow and initial conditions are known accurately. The
open circles mark the average distance traveled by the
50 particle realizations after release. Hence, no predic-
tion is made for this case, and it is an upper bound for
root-mean-square prediction error. Using the knowledge
of a climatological mean flow only (no drifters—solid
line), the error is somewhat reduced with respect to the
total particledispersion (i.e., no prediction), but far more
substantial reductionsin error are possible by employing
the surrounding drifter data. The prediction error de-
creases consistently with increasing data density (an-



MARcH 2000

OZGOKMEN ET AL.

Samples of True and Predicted Trajectories
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Fic. 6. Comparison of true and predicted trajectories for selected particles released in the gyre
interior. Here the solid line indicates the true trajectory, the line composed of triangles indicates
the prediction using the mean flow only, and the plus signs and circles show predicted trajectories
with data densities of 1 particle/[2° X 2°] and 1 particle/[0.25° X 0.25°], respectively. Note that
the accuracy of the predicted trajectories increases with increasing data density. The mean top-
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layer thickness field is plotted in the background (contour interval: 60 m).

notated lines). Quite accurate predictions are obtained
especially for the higher data densities, in which cases
the data resolution is of the order of R or higher [im-
plying cases with data densities of 1 particle/[0.5° X
0.5°] (N = 6.16) and 1 particle/[0.25° X 0.25°] (Ng =
24.64); see Table 3].

For instance, the particles cover a distance of about
34 km (134 km) after 1 week (1 month) of integration,
and the prediction made using only the mean flow re-
duces the error to approximately 23 km (90 km), while
the error is about 1.5 km (11 km) with the use of the
highest density data assimilation employed here (1 par-
ticle/[0.25° X 0.25°], Ni = 24.64) after the same amount
of time.

The qualitative behavior of the prediction error for
the ideal case is described well by the theoretical esti-
mates [Eq. (22)]. In Table 4 three cases are shown, for
data densities of zero (N; = 0), 1 particle/[1° X 1°] (Ng
= 1.54), and 1 particle/[0.25° X 0.25°] (N; = 24.64),
in which the theoretical rate of error growth is estimated
from Egs. (24), (25), and (26), respectively. Theoretical
and numerical estimates of the prediction error are com-
pared at 3, 7, and 30 days. The theoretical estimates
show an excellent match to the numerical results for Ng
= 0, and they compare quite favorably for the higher-
density cases as well. Considering the large reduction
in error with increasing data density, the theoretical for-

mulas derived in section 2 appear to deliver very rea-
sonable a priori estimates of prediction error as a func-
tion of the number of surrounding drifters based on only
the main statistical parameters of the flow.

Figure 7b depicts the case in which no knowledge of
the mean flow is assumed—that is, U = 0 in Egs. (4)
and (21)—while the initial conditions are assumed to
be known accurately. In this case, the error curve of the
prediction made using only the mean flow coincides
with the line that indicates the total dispersion of par-
ticles. The lack of mean-flow knowledge affects pri-
marily those cases with low-density assimilation. Asthe
data density increases, the prediction error decreases
consistently, and the prediction capabilities of the cases
employing data densities higher than or equal to 1 par-
ticle/[1° X 1°] (or for Ng > 1) remain nearly unchanged.
Therefore, this graph indicates that the impact of the
lack of knowledge of the mean flow can be compensated
for by assimilating information from the surrounding
drifters.

Next, a case is considered in which in addition to U
= 0 the initia turbulent velocity of the predictand is
assumed also to be unknown and is estimated from the
surrounding drifters. The results are shown in Fig. 7c.
The greatest impact on prediction error is observed for
low-data-density casesfor thefirst few weeks. The cases
with data density equal to or higher than 1 particle/[0.5°
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Fic. 7. Prediction (rms) error vs time as a function of data density in the gyre interior (region
4) for (a) the ideal case, with accurate mean flow and accurate initial conditions for the particle—
that is, known initial position and turbulent velocity; (b) the case with zero mean flow and accurate
initial conditions for the particle; (c) the case with zero mean flow and unknown initial turbulent
velocities (estimated from the surrounding data); and (d) the case with zero mean flow, unknown
initial turbulent velocities, and an initial position error of 20 km.

X 0.5°] (N = 6.16) remain nearly unchanged since and initial turbulent velocities can be overcome with the
these cases allow a good estimation of the initial tur- use of the surrounding drifter data.

bulent velocity for the prediction particle. This result Finally, afurther source of uncertainty isincorporated
indicates that uncertaintiesregarding both themean flow by considering that the initial position of the predictand

TaBLE 4. Comparison of numerical results to theoretical error estimates in the interior region (region 4) for N corresponding to data
densities of zero, 1 particle/[1° X 1°], and 1 particle/[0.25° X 0.25°] at 3 days, 1 week, and 1 month after release, respectively.

Ng = 0 Ng = 1.54 N = 24.64

Error (km) vs

time (days)  Upper bound Theoretical Numerical Theoretical Numerical Theoretical Numerical
t=3 14.9 7.8 9.7 2.6 18 11 0.4
t=7 339 18.2 229 6.0 7.8 25 15
t=30 133.9 78.0 89.9 257 50.0 10.6 113
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Fic. 8. Prediction (rms) error vs time as a function of data density in the western boundary
current region (region 7) for (a) the ideal case with accurate mean flow and accurate initial
conditions for the particle, (b) the case with zero mean flow and accurate initial conditions for
the particle, and (c) the case with zero mean flow and unknown initial turbulent velocities (es-

timated from the surrounding data).

is known with an error Ar. Figure 7d shows the error
curves for the average of four cases, with Ar = 20 km
in the eastward, westward, northward, and southward
directions. Comparing Figs. 7d and 7b, it appears that
the effect of the initial error Ar for densities lower than
1 particle/[1° X 1°] (N = 1.54) is primarily on short
timescales (first few days). From Fig. 7b it can be seen
that an error of 20 km is reached after only a few days
for low-density cases, but is reached on much longer
timescales for the high-density cases. Since the initial
position error cannot be recovered, itsimpact on higher-
density predictions is more persistent and substantial.
Considering also that the error curves of the two highest
density cases almost coincide (Fig. 7d), this experiment
indicates that there is a diminishing gain from using
higher data densities in the case of an initial position
error.

Finally, it should be noted from Fig. 7 that there is
no significant improvement in predictive capability
when a data density according to the WOCE require-

ment is employed with respect to the prediction when
there is only the knowledge of the mean flow.

b. The western boundary current region

The western boundary current region (region 7) is
characterized by a Lagrangian timescale T = 10 days,
an Eulerian space scale R = 70 km, and a velocity
variance o2 = 150 cm? s2 (Table 2). The prediction
errors are calculated for about 1 week, which corre-
sponds approximately to T. The results are depicted in
Fig. 8. In the ideal case (Fig. 8a) even the prediction
using only the mean flow leads to significant improve-
ment, indicating the importance of knowledge of the
mean flow in this region. Predictions with data densities
higher than or equal to 1 particle/[1° X 1°] (N; = 1.54)
yield very accurate results and exhibit almost no error
for the first 2-3 days. For instance, the particles cover
adistance of about 82 km (250 km) after 3 days (7 days)
of integration, and the prediction made using only the
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TABLE 5. Comparison of numerical results to theoretical error estimates in the western boundary region (region 7) for N corresponding
to data densities of zero, 1 particle/[1° X 1°], and 1 particle/[0.25° X 0.25°] at 3 days and 1 week after release, respectively.

Nz =0 Nk = 1.54 Ng = 24.64
Error (km) vs
time (days) Upper bound Theoretical Numerical Theoretical Numerical Theoretical Numerical
t=3 81.9 31.8 27.1 10.5 6.2 4.3 3.0
t=7 249.9 74.2 718 245 451 10.1 10.9

mean flow reduces the error to approximately 27 km
(72 km), while the error is about 3 km (11 km) with
the use of the highest density data assimilation em-
ployed here (1 particle/[0.25° X 0.25°], Ny = 24.64)
after the same amount of time.

When the mean flow field is not known (Fig. 8b),
there is no significant improvement in prediction ca-
pability for a data density less than 1 particle/[1° X 17],
showing the importance of the knowledge of the mean
flow in this region. The predictions conducted with
higher data densities remain approximately the same.
High-data-density cases do quite well even when the
initial turbulent velocities are not known accurately
(Fig. 8c). This result appears to support the ability of
the Lagrangian data assimilation algorithm to compen-
sate for lack of knowledge of the mean flow and initial
velocities from the drifter data alone, not only in the
low-energy interior regions but also in the western
boundary current region characterized by a strong mean
flow and fluctuations, provided that a sufficiently high
number of surrounding drifters are available. A priori
estimates regarding the number of drifters can be ob-
tained using the theoretical formulas (24)—(26). Such
estimates compare favorably with the numerical results
in the western boundary region as well (Table 5).

¢. The midlatitude jet region

The midlatitude jet region (region 1) is characterized
by aLagrangiantimescale T = 3 days, an Eulerian space
scale R = 35 km, and a velocity variance o2 = 800
cm? s-2 (Table 2). This region is representative of the
Gulf Stream ring and meander region. The midlatitude
jet region is the most difficult one to tackle because of
the high degree of variability and the existence of dif-
ferent flow regimes such as the jet, mesoscale eddies,
and wind-driven circulation, all of which interact with
each other. Consequently, the behavior of the particles
is highly complicated, and frequently the particles are
entrained from one flow regime into another. Asaresult,
the variability in the predictions is higher. It can be
observed that the real and predicted trajectories bifur-
cate while passing through high-gradient regions and
end up in drastically different positions in a matter of
a few days.

Prediction results for region 1 computed during 7
days are shown in Fig. 9. In the ideal case (Fig. 9a) the
error plots indicate that good predictive capability is

limited to the high-data-density cases (1 particle/[0.5°
X 0.5°], Ny = 1.54, and 1 particle/[0.25° X 0.25°], Ng
= 6.16) and is confined to the initial prediction times
(t < 4 days = T). For instance, the prediction error can
be reduced to about 15 km (67 km) using the highest
data density of 1 particle/[0.25° X 0.25°] (N = 6.16)
from a potential maximum of about 119 km (212 km)
after 3 days (7 days), whereas using only the mean flow
knowledge, it reducesto only approximately 92 km (178
km). The error increases approximately linearly in time
with a slope that decreases with Ni. The theoretical
estimates are found to be appropriate, as shown in Table
6. As can be seen from Tables 4-6, the error is larger
in this region than are the errors in the interior and
western boundary regions, primarily because the tur-
bulent velocity variance o2 is larger and R is smaller,
so that the same geographical data distribution results
in a smaller Ng: for example, 6.16 versus 24.64 as in
other cases for the highest data density of 1 particle/
[0.25° X 0.25°]. For longer times, t > T, the error is
found to increase further, with a greater slope than that
predicted by Egs. (24)—(26). Thisis likely because the
region is characterized by a strong front dividing two
different regimes, so that the dependence of the predic-
tion error on the positions of the predictand particles
and the surrounding onesis more fragile. In other words,
the region is highly chaotic, and the present simple pre-
diction scheme, which assumes statistical homogeneity,
does not hold for prediction times longer than the La-
grangian integral timescale T.

When the mean flow and/or the initial turbulent ve-
locities are not known accurately, the results obtained
in the context of the other regions remain valid in the
meandering region as well. The low-density cases de-
teriorate, whereas the high-density cases—1 particle/
[0.5° X 0.5° and 1 particle/[0.25° X 0.25°]—are nhot
affected significantly (not shown).

A final experiment has been conducted considering
that the climatological 2-year-averaged mean velocity
field (Fig. 1) may not be a good estimate with which
to advect a particle for approximately 1 week in aregion
characterized by a very strong eddy field. The 2-year
climatological mean field is very smooth and almost
completely lacks the signatures of the jet and the eddies.
As a result, particle trajectories calculated using low-
data-density assimilations (i.e., subject to stronger steer-
ing by the mean field) can cross the high-gradient zones
of the jet and eddies, leading to high errors. In this
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experiment, we assume that additional short-term in-
formation about the large-scale flow field is available
from (e.g., satellite) observations, so that the ‘“mean”
field U used in Egs. (18)—(21) is an average over a
shorter time period. We have considered an average dur-
ing 7 days, coinciding with the duration of prediction.
In this case, U resembles the instantaneous field shown
in Fig. 2a. The results are displayed in Fig. 9b, which
indicates major improvement in the performance of low-
density cases and little change for the high-density cas-
es. Schneider (1998) investigated the use of different
mean flows and the same stochastic model as ours for
predicting surface drifters in the Gulf Stream region.
The average prediction error for the best mean field case
is found to be 37 km after 2 days. This case is some-
where between the cases plotted in Figs. 9a and 9b.
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Fic. 9. Prediction (rms) error vs time as
afunction of data density in the midlatitude
jet region (region 1) for (a) the case with a
2-yr mean flow and accurate initial condi-
tions for the particle, and (b) the case with
a 7-day mean flow and accurate initial con-
ditions for the particle.

There appears to be a reasonable agreement between
our error estimates, approximately 20-50 km, from a
model and the error estimate of 37 km for real data
These cases can be improved upon in the future by using
amore complex algorithm that selects dynamically con-
sistent information based on the knowledge of U or by
using better estimates of U employing contour-based
techniques (Mariano 1990). For example, knowledge of
the jet position can be used to select driftersin the same
frontal region as the predictand. This may lead to im-
provements in the midlatitude jet region characterized
by strong gradients of the flow field.

5. Summary and concluding remarks

Predictability of particle trajectories in oceanic flows
is explored for timescales on the order of a week to a

TABLE 6. Comparison of numerical results to theoretical error estimates in the midlatitude jet region (Region 1) for N corresponding to
data densities of zero, 1 particle/[0.5° X 0.5°], and 1 particle/[0.25° X 0.25°], at 3 days and 1 week after release, respectively.

N, =0 N = 1.54 Ng = 6.16
Error (km) vs
time (days) Upper bound Theoretical Numerical Theoretical Numerical Theoretical Numerical
t=3 119.0 73.2 91.6 24.2 31.9 215 14.6
t=17 212.2 170.8 177.5 56.4 120.6 50.1 67.4
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few months. Thisis awell-recognized, outstanding con-
ceptual problem because errors accumulate in trgjectory
predictions and Lagrangian motion tends to be chaotic
even when the Eulerian flow is smooth and regular. It
isalso relevant for practical applications, such as search-
ing for objects lost at sea and ecological problems, such
asthe spreading of pollutants or fish larvae. The original
aspect of this study is the use of surrounding velocity
data provided by Lagrangian instrumentsto improve the
accuracy of the predicted particle trgjectories. The in-
vestigation is conducted in the context of a primitive
equation isopycnic-coordinate numerical ocean model.
Although the ocean model is idealized using a double-
gyre, three-layer box configuration, it reproduces dy-
namically distinct regions representative of those in the
real midlatitude ocean.

It is assumed that some information is known a priori
about the large-scale slowly varying mean flow, while
information about the mesoscale eddies is provided en-
tirely by the Lagrangian data. The prediction is per-
formed by assimilating the surrounding velocity data
into a simplified equation that describes the particle mo-
tion. In this equation, the velocity field is decomposed
into two components: the mean field U and the eddy
field. The eddy velocity following particles is assumed
to be a linear Markov process. That is, described by a
first-order autoregressive process, AR(1), with an ex-
ponential covariance with a timescale T. This assump-
tion appears to be acceptable for oceanic surface flows
for timescales T on the order of 3-10 days. The assim-
ilation is performed using Kalman filtering on the AR(1)
process. The error covariance matrix isrelated in avery
simple way to the Eulerian statistics, which are assumed
to be known.

Theoretical estimates of the prediction error s of par-
ticle position are derived under some simplifying as-
sumptions. These derivations demonstrate that s grows
in time as in single particle dispersion multiplied by a
factor that depends on the number of data per degrees
of freedom Ny [EQ. (22), (24)—(26)].

Ensemble averages of prediction errors are calcu-
lated using numerical experiments in three fundamen-
tal regions—the subtropical gyre interior, the western
boundary current, and the midlatitude jet regions—as
a function of varying data density and degrees of un-
certainty about the mean flow and initial conditions of
the predictant particle. The results show that the pre-
diction error increases in time but decreases consis-
tently with increasing data density. The simulations
indicate that the actual WOCE sampling (1 particle/
[5° X 5°] or Ny < 1) does not improve particle pre-
diction, but predictions improve significantly when Ng
> 1. For instance, a coverage of 1 particle/[1° X 1°]
or Ng ~ 0(1) is aready able to reduce the errors of
about one-third or one-half. If the sampling resolution
is increased to 1 particle/[0.5° X 0.5°] or 1 particle/
[0.25° X 0.25°] or Ng > 1, reasonably accurate pre-
dictions (rmserrors of lessthan 50 km, can be obtained
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for periods ranging from 1 week (western boundary
current and midlatitude jet regions) to 3 months (in-
terior gyre region). Even if the mean flow field and
initial turbulent velocities are not known accurately,
the information derived from the surrounding drifter
data can compensate, provided that N; > 1. The the-
oretical estimates for prediction error are generally in
good agreement with the numerical results, especially
considering the drastic reduction in error with increas-
ing data density, in al regions for initial times. Since
these a priori estimates are based on only a few pa-
rameters that are generally known, they can be used
as guidance in practical situations to assess error as a
function of resources to be deployed. To summarize,
this study improves oceanographer’s ability to perform
Lagrangian prediction, and at the same time, improves
our understanding of the predictability limitsin thereal
ocean.

The assimilation algorithm appears to be quite ef-
fective, in spite of its simplicity. For practical appli-
cations, improvements are foreseen, potentially in-
volving relaxation of assumptions such as Gaussian
Eulerian statistics, independence of velocity compo-
nents, and isotropy. For complex regions exhibiting
strong fronts such as a meandering jet, the Kalman
filter technique can be generalized for the complete
trgjectory equation in order to obtain more accurate
estimates. Also, since the large-scale field varies rap-
idly in these regions, the addition of other simultaneous
datasets, such as satellite information about the in-
stantaneous large-scale field, may help to improve the
predictions.

As a last remark, we point out that a homogeneous
sampling of drifters has been considered in this paper.
This choice of sampling allows us to explore the role
of data density and assimilation techniques whiletaking
into account the Lagrangian nature of the data both in
the formulation and in the error computation that as-
sumes a homogeneous data distribution in space. For
practical problems, however, such as tracking and pre-
dicting pollutants or biological organisms, as well as
searching for objects lost at sea, different types of sam-
pling can be envisioned to best exploit the specific prop-
erties of Lagrangian data, such astheir tendency to move
with the current. For example, an initial drifter cluster
can be released around the initial position of the pre-
dictand particle, and additional drifters can then be re-
leased at later times to maintain the desired density
around the prediction. This may allow minimization of
the number of drifters necessary to obtain a preset pre-
diction error. Sampling strategies will be studied in a
future work, using the results presented herein as guide-
lines.
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APPENDIX

a. Relation between the noise covariance and the
Eulerian covariance

Let us introduce the conditional Lagrangian covari-
ances

By(n) = E{vi(n)vj ()}
and set
Bv(n) = (By(n)).

Thus, B¥(n) is2M X 2M Lagrangian covariance matrix.
From Eg. (10) one concludes that

Q) = (I — A)BY(N)(I.w — A)T.
Then from Eq. (7) it follows that
Q) = (lw — A)BR(ri(n), ry (M) (I — AT,

where BY(r,, r,) isthe Eulerian space covariance at time
n defined in EqQ. (2). Therefore, we have a very simple
relation between the matrix Q playing a key role in the
Kalman filtering and the Eulerian covariance matrices.
This relation is based on the assumptions given in Egs.
(6) and (7).

b. Smplification of the prediction formulas

Let us represent the basic matricesin the block form:

Pf:(PL PL) Pa:(P; P:;)
PL PL)’ Py P/
Q — (Qll Q12> A — (All A12)

Q21 Q22 ' A21 A22 ,

where the upper-left, upper-right, lower-left, and lower-
right matrices have dimensions 2p X 2p, 2p X 2, 2 X
2p, and 2 X 2, respectively. Assuming that ¢ = O, after
simple computations we get

|
K = 2 )
(w6

ps _ [0 0
0 sz - P;l(P:[l)ilp:fLZ ,
Qll QlZ >
Pin+ 1) = .
(n+ 1) (Qm Qus + ALPLIVAL
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c. Error analysis

For the theoretical error analysis, we assume that the
velocity components are uncorrelated and the fluctuation
velocity field is statistically homogeneous: that is, By(r,,
r,) = By(r, — r,). We then immediately obtain from Egs.
(16) and (18) that the mean-square error for an individual
component—zonal, for instance—is given by

s(n) = (1 — o?)(q(n) + «?q(n — 1) + ---

+ a2 9q(1)), (A1)

where

q(n) = B(0) —- i B(ry — r)B=(r; — r)B(ry — ry),

ij=1

(A2)

B is the covariance function for the individual com-
ponent, and B~* (r; — r;) isthe (i, j) entry of the matrix
inverse to (B(r; — r;)). By averaging Eq. (A1) through
the ensemble, we obtain

(s(n)y = (1 — e’)(a(n) + aXaq(n — 1)) + ---
+ a2 (q(1))).

Under the stationarity assumption, (q(k)) isindependent
of k, and hence,

(s(n) = (L — a™).

Now we estimate (g) assuming a high density of con-
trol particles. Let us introduce the correlation velocity
scale R = 1/—B(0)/B"(0) and assume that the set of all
particles form a Poisson process with intensity A. We
assume that

ATRZ > 1
or, equivalently,
Ny > 1,

where Ny is the mean number of particles in a disk of
radius R. Let us take an arbitrary & such that

0K 1, (A3)

but

AT?R2 > 1, (A4)
that is, 6 is small. However, the number of particles N;
in adisk O, of radiusr = 6R is still large. Now we
take into account only particles that are inside the disk
O, centered at the predictand. Obviously, g = B(0) if
there are no predictors in O;. Otherwise, we can take
a Taylor expansion in Eq. (A2):
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Ng

q~ B0 — >

ihj=1

(mm+§wmmm—mﬁ
1 -1
X (B(O) + EB”(O)(I‘i - rj)2>

X <B(O) + %B"(oer - rj)Z). (A5)

Using lemma 2.1 from Piterbarg (1998), we obtain

1 3
ﬁ 2 (ri - rj) )

q~—em%ii«M—mL— >
#6)

N§ i=1

Hence,
(@ = —B"(0){(r; = r)* P{N; > 0}
+ B(0) Pr{N, = 0},
where the angle brackets on the right-hand side mean
the conditional expectation under the given number of

particles. Given that the particles are distributed uni-
formly throughout the disk, we obtain

- =5

Applying
Pr{N; = 0} = exp{ —(Ny},
we obtain after some algebra:

2=

= B(O)(%(l — exp{ —Ng6%}) + eXp{—NR82}>.

Now recall that § isarbitrary, satisfying Egs. (A3)—(A4).
Let us take

_151InNg
Ny '
and we immediately arrive at Eq. (26).

Using the independence of the velocity estimation
errors on different steps and assuming a constant mean
velocity field, we obtain for the position prediction error
s2 = ((Xu(t°) — xu(t°))?) in the x direction, where t°
is the observation time

S ~ o, (22)
s, ~ yVIoT, ifto>T. (23)

It is also of practical interest to consider the case of
a small number of predictors. If there are no particles
in the circle Ok, then obviously

52

ift°<« T, and

(24)
If there is only one predictor, then assuming that its

2 — 2
Y = O
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position and the predictand’s position are independent
and uniformly distributed over Og, we obtain in the
isotropic case

S NNCCE

In particular, for B(r) = exp{—r2/2R?}, we have Eq.
(25).
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