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Summary

We investigate finite-amplitude aspects of the evolution
of baroclinically unstable zonal currents confined near the
ocean’s surface. We assume 2.5-layer QG dynamics on the
B plane, which, possessing Lyapunov stable equilibria, al-
lows one to derive upper bounds on growing perturbations
using Shepherd’s method.! Namely, bounds on baroclinic
instability saturation as measured, e.g., in terms of the L,
norm defined by the integral of layer enstrophies.

We improve the bound on zonally-averaged enstrophy vari-
ance derived using Shepherd’s method by maximizing the
latter subject to zonal momentum and layer enstrophies
conservation. We further test the accuracy of the bounds by
considering a finite-dimensional nonlinear (Hamiltonian)
model that consistently approximates energy, zonal momen-
tum, and layer entrophies (Casimirs) of the QG system.
We find that the model admits solutions that maximize the
enstrophy variance according to the rigorous bounds.



Infinite-Dimensional Dynamics

Let (x,y) € R/LZ x |[=W /2] on the B plane. Consider a
2.5-layer system with reference layer thicknesses H/2 and
buoyancy jumps ¢’ and ¢’/s (Fig. 1). The QG potential
vorticity in the ith layer, g;(x, y, t), obeys

qi + [, qil = 0, (1a)
where
9= By + Vi +2R (Y3 — ;= dipsipp).  (1b)
Here |, ] is the Jacobian bracket and R := /¢'H/ | fo|-

Integrals of motion of (!) are energy, zonal momentum,
and the generalized enstrophies (twice-infinite family of
Casimirs):

E:=—5Y (i), M:=Y (ya:), Ci(n) =(q;") (2

(modulo Kelvin circulations along the coasts), where ()
indicates horizontal average.



Furthermore, (1) constitutes a Lie-PPoisson system since

i = {a, €}, 9= {M,q}, 0={g,c"}, ©)

where £ is the Hamiltonian and

{(AB} =Y <qi [5“4 o5 ] > @)

6q;" 64

is the Lie—Poisson bracket.
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Figure 1. Model sketch.



Lyapunov Stability

Consider a basic state with uniform zonal currents U; that
differ in the vertical by Us := U7 — U, (Fig. 2). Then Q;(y) =
Q'y with

Qi =(1+2/bp)B, Qb= (1+2(br—1)/bp)p ()
is a steady solution (i.e., equilibrium) of (). Here

bp := BR%/Us, by :=sly/Us, (6)

which are two Charney numbers.

An arbitrary perturbation ég;(x,y,t) on this state exactly
satisfies

where

5p — “Mp — _% <(uz — “)5%2/@ + ‘51/Ji5ﬁh’> , (8
which is a combination of the pseudoenergy and pseudo-
momentum.



It has been demonstrated? that if
(bp, br) € {bp < =2} U {bp <2 —2br} 9)

then & — aMyp is positive definite and convex, which
implies Lyapunov stability (Fig. 3).

Of particular interest here is that My, is sign definite and
convex in the subset |A| > 1 of (V), which implies

Al =1, 5 o _ A +T
) < () < ) , 10
MH1<q>t:O_<q>_W_1<q>tzo (10)
where

A= — = : (11)

Finally, a basic flow can be shown Lyapunov stable in the
complement of (V) provided the zonal channel is narrow
enough. More precisely, £, may be shown negative definite
and convex.
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Figure 2. Basic state.
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Figure 3. Regions of (in)stability in the topographic (br) vs. planetary (bp) Charney
numbers plane.



Bounds on Instability Saturation

Let Q(y) be an unstable state—which implies |A| < 1—and
consider a perturbation to this state split as

Sa(x,y,t) = 5ay,t) +66(x,y, 1), (12)

where 0q is a zonal average and 0§ represents the “waves.”
These quantities satisty the Phytagorian relationship

(6q%) = (6G%) + (6G°). (13)

Let P(y) be a stable state with |A| > 1 so that ((q — P)?) is
bounded according to (1U)). Assume thatq =~ Q att = 0.
Using the triangular inequality

((a—Q)%) < {(a—P)*) + (P —Q)?), (14)

and optimizing over P, Shepherd’s' method yield the least
rigorous nonlinear bounds:?



Al (6a%)/(Q%) (66%)/(Q%) (0a)/{Q%)

o1 40— 1 4(1—|A]) (15a)
2 14 )2 14 )2 1+ A2
o1 40 —JAD) 4[A(A—A]) 40— A])
— 2 142 14+ A2 14+ A2

Using the method outlined below, however, the bound on
0q (tirst column above) can be improved as

(652) _ 4(1— |A])?
@) " 142

(15b)

(Fig 4.).
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Figure 4. Rigorous nonlinear upper bounds on enstrophy variance(s). For slightly
supercritical flows, |A| | 1, the integrals of motion prevent the waves from growing.
For A = 0, the bound on §§ equals (Q?) (total enstrophy of the system). Note that
A = 0 implies bp + br = 0, which yields! the maximum normal-mode perturbation
growth rate when s — 0.



Derivation of Eq. (15b)

A priori bounds on baroclinic instability saturation can be
formally obtained by maximizing

® = 7(6g%) + 1(5G%)
+A (M= M|;_p)

PEn (e e, )

where (7, 7) equals either (1,0), (0,1) or (1,1).
Consider the Fourier expansions

N
6a(y,t) = Y Ay(t)sinnly, (16a)
n=1
M,N |
34(x,y,t) = Re Y Bym(t)e™¥sinnly.  (16b)
mn=1

Assuming an initial condition sufficiently close to the unsta-



ble state, conservation of M is fulfilled by setting

n
a= () »
(2)

On the other hand, conservation of C.™ gives
(64:%) Z B2 = (-1 Y 171 Qlay — Jan®,  (18)
n

which sets bounds on ay.
So we have

(6G°) = %ZAZ = Zanz, (19a)

_ T p*x — Ql QZ 2
— Zanan = Z( ) nl/ an”, (19b)

which, upon maximizing over ay, yields the bounds (! 5a,
center and left columns) and, in particular, (1 ©b), all reduced
by a factor

N 2
24"
~las N — oo. (20)
6



Finite-Dimensional Dynamics
Following Ripa® we consider
5a(y,t) = A(t)sin2ly, 64(x,y,t) = ReB(t)e**sinly, (21)

where A (real) represents mean flow changes and B (com-
plex) the waves (with zero zonal average).

Application of the methodology of Refs. 4,5 leads to ampli-
tude equations in Hamiltonian form:

A = {A &} = {A BYILEp + {A, B }op.Ep, (22a)
B = {B,&} = {B,A}d, Ep + {B,B*}dg.Ep, (22b)

where

{A,B} = —2ikl diagB, (22¢)
{B,B*} = —2ikldiag(A —17'Q"), (22d)

and
Ep:= sA'EA + Re B'EB* (22e)

for certain (real and symmetric) matrices E and E.



System () supports two Casimirs:

5c, () ={Cj,-} =0 = C; = 3(A; — QI/1)> + |Bj|*.

(23)

Note that C; consistently represents the ith-layer enstrophy

c@ -

i

Integrals of motion of (V) also are

5, (1) = {Ep, -} = =91 () —

which consistently represents the pseudoenergy &p, and

om () ={M, -} =ikB'op () =

Ep

M —

Aq

+ Aj

21

(24)

(25)

which consistently represents the zonal momentum M."

*An explicit Lie algebra structure so(3) x s0(3) shows up in the real coordinates { X"}
defined by B = v/2kI(X! +iX?) and A — [71Q’ = 2kIX3: {X* X'} = (&% diag X°)

whose Casimirs are }_,(X?)%,i =1,2.

"Note that M is indeed the generator of infinitesinal zonal translations because

gi(x,y,t) — gi(x +¢,y,t) corresponds to A — A and B — Be

ike



Furthermore, system (7”) is integrable.3 This is readily seen
by making the change of variables from noncanonical vari-
ables A (real) and B (complex) to canonical variables (a, A, 0, ®)
(real) in the form

A= A+ (—1)"1g, | (26a)
B = (C;— 4(4; — 171Q))2)el(®+(=D70) - (26D

1
Note that dgEp = 0 and d oEp = (traceE + Eq3)A so (A, Q)
constitute an action—angle pair. The orbits in the (a4, 0) plane
are the level curves of E; for fixed C; and A.

For A = a(0) = 0 and |B;(0)| < l_ng (unstable state plus
small wave) a trajectory in (6,a) plane is closed and thus
periodic: a wave changes from riding on an unstable state
to a stable state (Fig. 5). Furthermore, all accessible orbits
that collapse on the 2 = 0 axis, distinguished by 6(0), form
a very thin set (solutions differ only by a time shift).
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Figure 5. Contours of E,, for initial conditions close to different unstable states. Each
contour corresponds to a trajectory describing a baroclinic periodic cycle: note that 4 o
sin20 and B = L(a)B where L(0) has real eigenvalues but L(a) has purely imaginary
eigenvalues for a large enough.
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Figure 6. Evolution of potential vorticity in the upper layer as predicted by the finite-
dimensional model (7). Shown are snapshots along one baroclinic cycle.
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Figure 7. Evolution of enstrophy variance(s) as predicted by the finite-dimensional
model (V) for several unstable states, each perturbed by the fastest growing normal

mode. Dashed lines indicate a priori upper bounds on instability saturation, which are
those in (17) reduced by a factor 3/27* =~ 0.15198.
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Figure 8. Evolution of total enstrophy variance as predicted by the finite-dimensional
model (2”) for several unstable states, each perturbed either by the fastest growing
normal mode or the optimally growing non-normal mode. Dashed lines indicate a
priori upper bounds on instability saturation.
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