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Rotational dynamics of turbulence and Tsallis statistics
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Abstract

The Langevin equation and its adaptations can reproduce accurately key aspects of fluid-particle motions in
flows including: ballistic and normal-diffusive transport regimes, Lagrangian velocity autocorrelation functions and i
Lagrangian timescales. More recently it has become apparent thattrajectory-rotations are also important dynamical quantities
and that non-zero mean rotations are associated with suppressed ratesof turbulent dispersion and oscillatory Lagrangian velocity
autocorrelation functions. Here, it is shown that rotations of the Lagrangian velocity vector produced by the simplest a
widely used of such models coincide closely with the intense rotations measured in the recent seminal experiment b
al. [Nature 421 (2003) 146] and are described precisely by Tsallis statistics. Model predictions (Tsallis distributions) for the
rotational statistics of the North Atlantic Ocean (region between 35–43◦W and between 36–42◦N) are found to be in close
agreement with simulation data produced by the Miami Isopycnic-Coordinate Ocean Model.
 2004 Elsevier B.V. All rights reserved.
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Lagrangian properties of fluid motion are of fu
damental importance to the understanding and
diction of transport and mixing in turbulent flows.
the large Reynolds number limit the acceleration au
correlation function approaches a delta-function at
origin, corresponding to an uncorrelated (white noi
component in the acceleration and hence to a Mar
process[1]. Lagrangian velocities in large Reynol
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number turbulence can therefore be represente
a continuous Markovian process. At finite Reyno
number a better approximation is attained by rep
ing the white noise with noise that is temporally cor
lated over the Kolmogorov dissipative timescale. T
is equivalent to modelling Lagrangian accelerations
a continuous Markovian process[1]. The approach is
known to provide a good description of the dissipat
subrange structure of Lagrangian velocity and ac
eration statistics. The simplest Markovian model
the evolution of Lagrangian accelerations in a tur
lent flow is prescribed by
.
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dAi = −(
T −1 + t−1

η

)
(Ai − εijkΩjuk)dt

− T −1t−1
η ui dt + εijkΩjuk dt

(1)+
√

2σ 2
u

(
T −1 + t−1

η

)
T −1t−1

η dξi,

where u is the velocity of a fluid-particle along it
trajectory at timet , σ 2

u is velocity variance and dξi

are increments of independent Wiener processes
have mean zero and variance dt [2]. The model
timescales,T and tη, can be associated with th
‘energy-containing’ (i.e., the larger-scales of moti
that make the dominant contribution to velocity) a
the ‘dissipative’ scales of motion, and are determin
uniquely by the specification of the Lagrangian
tegral timescale,TL = T + tη, and theconditional
acceleration variance,σ 2

A = σ 2
u /T tη. By construc-

tion the dissipative sub-range form of the Lagrang
velocity structure function is compatible with Ko
mogorov similarity scaling and the distribution
simulated velocities and conditional accelerations
jointly Gaussian,

P(A,u) = (
2πσ 2

uσ 2
A

)−3
exp

(
− (Ai − εijkΩjuk)

2

2σ 2
A

)

(2)× exp

(
− u2

i

2σ 2
u

)
.

The conditional mean-acceleration〈Ai |u〉 = εijkΩjuk

(when non-zero) endows trajectories with a prefer
sense of rotation. In the long-time limit (t > TL) or
when tη/T → 0 the stochastic model(1) effectively
reduces to the generalized Langevin equation,

(3)

dui = −uiT
−1
L dt + εijkΩjuk dt +

√
2σ 2

u T −1
L dξi,

introduced by Borgas et al.[3] in their assessment o
the impact of trajectory rotation upon turbulent d
persion. Non-zero mean trajectory rotation was fou
to be associated with: spiralling trajectories; os
latory Lagrangian velocity autocorrelation function
suppressed rates of turbulent dispersion for given
bulent kinetic energy and mean dissipation rate;
skew diffusion. Veneziani et al.[4] subsequently ex
tracted estimates for the inverse rotational timesc
Ω , from historical records for acoustically-track
sub-surface floats in the north-western Atlantic Oce
They demonstrated thatEq. (3)together with such es
timates forΩ can reproduce accurately the observ
oscillatory Lagrangian velocity autocorrelation fun
tions and the observed suppressed rates of dispe
of cyclones. In this Letter this analysis is extended
comparing model predictions for the distribution of i
cremental rotations with simulation data produced
the Miami Isopycnic-Coordinate Ocean Model (M
COM) [5]. MICOM is a high-resolution (1/12 degree
grid spacing) general oceancirculation model config-
ured with realistic topography and stratification (
isopycnal layers in the vertical plus a surface mix
layer). The external forcing was based upon mon
atmospheric data for 1979–1999 supplied by the
ropean Centre for Medium-range Weather Foreca
It will be shown that rotations of the Lagrangian v
locity vector produced by the stochastic models(1)
and(3) are described precisely by Tsallis statistics a
that these statistics coincide closely with the MICO
simulation data. That is, Tsallis statistics are deri
from a concrete dynamical model that is physica
well-founded rather than used to provide an emp
cal fit to probability distributions; a widely adopte
[6–9] but much criticized approach[10,11]. Tsallis
statistics with a prescribed ‘q-value’ have been estab
lished from concrete dynamical equations for only t
other cases. Namely, in the dynamics described by
Langevin equation with a judicious choice of fluct
ating parameters[12] and in the sensitivity to initia
conditions, at the edge of chaos, of certain non-lin
one-dimensional maps[13]. Note also, that the appl
cation of equilibrium statistics, such as Tsallis equil
ria, to single degrees of freedom in dissipative syste
described by Langevin equations is well founded
like their application to a more complete descripti
of turbulence[10].

The distribution of rotations,Si = εijkujAk, of
the Lagrangian velocity vector is readily calculate
from (2):

P(Si ) ≡ (
2πσ 2

u σ 2
A

)−3
∫

exp

{
− A2

i

2σ 2
A

}
exp

{
− u2

i

2σ 2
u

}

× δ(Si − εijkujAk)d3ud3A

(4)= N exp

{
−

∣∣Ωσu ±
√

σ 2
A + σ 2

uΩ2
∣∣|Si |

σ 2
Aσu

}
,

whereN is a normalization factor. The ‘+’ sign ap-
plies whenSi < 0 and the ‘−’ sign applies when
Si � 0. It follows directly from(4) that whenΩ = 0
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Fig. 1. Comparison of the predicteddistribution of squared rotations,χ = S2 (solid-line), and the measured distribution of enstrophy (symb
for a turbulent flow with Reynolds numberRλ = 54, based on the Taylor microscale.
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the distribution of the Lagrangian analogue of ens
phy,χ = S2, is given by

P(χ) = exp(−χ/σAσu)

2σ 2
Aσ 2

u

.

In contrast with the application of Tsallis statistics
description of Lagrangian acceleration statistics[6],
fourth- and higher-order moments ofP(χ) are con-
vergent.Fig. 1 shows that except for the central pa
|χ | < 2χ̄ whereχ̄ denotes the mean value ofχ , this
prediction coincides closely with the stretched ex
nential distribution,P(χ) ≈ exp(−χ0.45±0.07) of en-
strophy per se measured in recent seminal laborat
scale experiments[14]. The predicted pseudo flatne
statistic

F =
χ=30χ̄∫

0

χ4P(χ)dχ

( χ=30χ̄∫
0

χ2P(χ)dχ

)−2

≈ 22

is coincident with the estimate of the pseudo flatn
statistic obtained from the experimental data for|χ | �
30χ̄ . In obtaining this correspondence between mo
and experiment, the acceleration variance was ta
to be prescribed by Kolmogorov similarity scalin
and given byσ 2

A = a0ε
3/2ν−1/2 where the paramete

a0 = 0.13R0.64
λ , Rλ = (15/εν)1/2σ 2

u is the Reynolds
number based upon the Taylor microscale,ε is the
mean rate of dissipation of turbulent kinetic energy
vided by fluid density andν is the kinematic viscos
ity [1]. Parameter values were taken from experim
[14] and are given byRλ = 54, ε = 0.0336 cm2 s−3

andν = 0.01 cm2 s−1. The close correspondence b
tween model and experiment suggests that the
tense turbulent rotations identified by Zeff et al.[14]
are encapsulated within standard adaptations of
Langevin equation and do not constitute a new dyn
ical process.

Rotations such asS3 define the inverse rotationa
timescale,ω3 = S3/(u

2
1 + u2

2)�t , whose mean valu
is Ω3. The conditional distributionp(ω3|u) is Gaus-
sian with mean〈ω3〉 = Ω3 and varianceσ 2

ω = σ 2
A/

(u2
1 + u2

2) ≡ β−1. β is the sum of two independen
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Fig. 2. Distributions of inverse rotational timescales for non-looping (left) and looping (right) trajectories extracted from the MICOM
simulations (staircases) and produced byq = 5/3 Tsallis statistics (smooth solid-lines). Also shown for comparison are Gaussian distrib
with equivalent means and variances (dashed-lines).
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Gaussian random quantities and consequently is
squared distributed with degreen = 2. That is, the
probability distribution ofβ is given by

(5)f (β) = 1

�(n/2)

(
n

2β0

)n/2

βn/2−1 exp

(
− nβ

2β0

)
,

where β0 = nσ 2
u /σ 2

A. Therefore, the correspondin
unconditional distribution of inverse rotational tim
scales,

p(ω3) =
∫

f (β)p(ω3|β)dβ

= �(n/2 + 1/2)

�(n/2)

(
β0

2π

)1/2

(6)×
[
1+ β0(ω3 − Ω3)

2

2

]−n/2−1/2

is a q = 1 + 2/(n + 1) = 5/3 Tsallis distribution
[12]. This value of q is consistent with a recen
estimate,q = 1.9 ± 0.2 obtained by fitting Tsal
lis distributions to vorticity distributions obtaine
from laboratory-scale experimental studies of rotat
quasi-two-dimensional turbulence[8].

Determination of the unconditional distribution
inverse rotational timescales,ω3, associated with in
cremental rotations�Si = εijkuj�uk produced by the
generalized Langevin equation(3) mirrors that out-
lined above for stochastic model(1). It is readily found
thatP(ω3) is again aq = 5/3 Tsallis distribution but
with β0 = nσ 2

u /σ 2
a defined in terms a pseudo accel

ation varianceσ 2
a = 2σ 2

u /T �t .
Analysis of the MICOM data revealed that 76.5

of the trajectories were ‘non-looping’ withΩ3 ≈ 0
day−1, σ 2

u ≈ 40 cm2 s−2, T ≈ 12 days, 20% of the
trajectories were ‘cyclones’ withΩ3 = 0.22 day−1,
σ 2

u ≈ 110 cm2 s−2, T ≈ 10 days and that 3.5%
were ‘anticyclones’ withΩ3 = −0.15 day−1, σ 2

u ≈
70 cm2 s−2, T ≈ 10 days. In each casetη ≈ 5 days.
Fig. 2 shows that the MICOM simulation data fo
the distribution of inverse rotational timescales
the non-looping trajectories is well represented b
q = 5/3 Tsallis distribution(6). It is also evident tha
the distribution of inverse rotational timescales
the ‘looping’ trajectories is well represented by t
weighted sum of twoq = 5/3 Tsallis distributions
i.e., by

p(ω3) = 0.2pc(ω3) + 0.035pa(ω3)

0.235
,

wherepc(ω3) andpa(ω3) are theq = 5/3 Tsallis dis-
tributions associated with cyclones and anticyclon
The discrepancy between peak values of the distribu
tions extracted from the MICOM data and produc
by the Tsallis can be reduced considerably when
timescalesT are varied by amount,±1–2 days, com
parable with the uncertainty associated with their
termination. The resultant narrowing of the Tsa
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Fig. 3. Distributions of inverse rotational timescales produced by MICOM simulations(staircase), by the generalized Langevin equa
(solid-line) and by a simple extension of the generalized Langevin equation incorporating transitions between looping and non-loopin

trajectories (dashed-line).
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distributions does not affect significantly the cor
spondence with the MICOM data. This finding su
gests that incremental rotations of both non-loop
and looping trajectories in oceanic turbulence are
scribed by Tsallis statistics.

Longer-time rotational statistics were extract
from MICOM simulations by taking 60-day runnin
averages over single-trajectory records that were
tween 60 and 180 days in length. That is,

〈
ω3(t)

〉 = 1

120

120∑
n=1

ω(t + n�t),

where �t = 0.5 days. These running averages
fluctuating quantities that differ from the stationa
mean value that may be obtained by averaging o
much longer records. The statistics of〈ω3〉 can be
described by(6) provided that the associatedβ-term,

β = σ−1
A

120∑
i=1

u2(t + i�t) + ν2(t + i�t)

is chi-squared distributed. This is very nearly t
case because the integral timescale foru2 − σ 2

u is
approximately 5 days which is much shorter than
60 day averaging period. Consequently theβ-term
can be represented approximately as the sum o
independent squared-velocity terms. It is theref
anticipated that the long-time MICOM simulation da
for p(〈ω3〉) can be reproduced by 3 appropriate
weighted Tsallis distributions withq = 1 + 2/(24+
1) ≈ 1.08, i.e., by

p(〈ω3〉) = 0.765pn(〈ω3〉) + 0.2pc(〈ω3〉)
+ 0.035pa(〈ω3〉),

wherepn(〈ω3〉), pc(〈ω3〉) andpa(〈ω3〉) are the Tsal-
lis distributions associated with the non-looping t
jectories, with the cyclones and with the anticyclon
In the limit thatq → 1, Tsallis distributions reduce t
Gaussian distributions[15].

Fig. 3 shows a comparison of the long-time M
COM simulation data and predictions produced by
generalized Langevin equation(3) and, by a simple
extension of(3) accounting for the observed trans
tions between looping and non-looping trajectori
In accordance with the MICOM simulation data the
probability,Pl→n, of a transition from looping to non
looping behaviour within a hundred day period w
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taken to be 6.5%. The corresponding probability of
a transition from non-looping to looping behaviour
Pn→l = 23.5

76.5Pl→n ensured compatibility with the MI
COM simulation data for the average-populations
non-looping (76.5%) and looping (23.5%) trajec
ries. It is evident fromFig. 3 that the long-time MI-
COM simulation data is well predicted by the gen
alized Langevin equation and that transitions betw
looping and non-looping trajectories account for som
of the discrepancies between the MICOM simulation
data and the model predictions. The predicted s
ondary maxima in place of the observed plateau
ture inP(〈ω3〉) for ω3 > 0 may be attributed to the ex
istence of a broad, rather thanδ-function, distribution
of mean rotations,Ω3, associated with the cyclone
As anticipated, the distribution of〈ω3〉 produced by
the generalized Langevin equation was found to
described almost precisely by the weighted sum o
q = 1.08 Tsallis distributions.

The results of this study suggest that rotations
oceanic flows and other turbulent flows are describe
by Tsallis statistics and can be modelled accurately
generalized forms of the Langevin equation.
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